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Abstract:

Strain-stiffening behavior common to biopolymer networks is difficult to reproduce in

synthetic networks. Physically associating synthetic polymer networks can be an exception to this rule
and can demonstrate strain-stiffening behavior at relatively low values of strain. Here, the stiffening
behavior of model elastic networks of physically associating triblock copolymers is characterized by
shear rheometry. Experiments demonstrate a clear correlation between network structure and strainstiffening behavior. Stiffening is accurately captured by a constitutive model with a single fitting
parameter related to the midblock length. The same model is also effective for describing the stiffening
of actin, collagen, and other biopolymer networks. Our synthetic polymer networks could be useful
model systems for biological materials due to (1) the observed similarity in strain-stiffening behavior,
which can be quantified and related to network structure, and (2) the tunable structure of the physically
associating network, which can be manipulated to yield a desired response.
Keywords: transient network, strain hardening, rheology, thermoreversible gels, non-linear elasticity
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Introduction
Many soft biological materials become stiffer when deformed.1 Such non-linear elastic behavior is
referred to as strain-stiffening and is defined as an increase in a material’s elastic modulus with applied
strain. Structural biopolymer networks display significant strain-stiffening when deformed, such as the
fibrin gels responsible for blood clotting2 and actin filaments in cellular cytoskeletons.3, 4 These examples
suggest a physiological relevance of the stiffening mechanism as a means to preventing damage from
exposure to large deformations.1 Therefore, understanding the strain-stiffening response is of primary
importance when designing artificial biomaterials for structural applications such as tissue scaffolds.
However, the synthetic reproduction of the stiffening response of biological materials remains elusive,
complicating biomaterial design for structural applications. Most simple synthetic gels and rubbers
deform linearly to large strains (e.g., polyacrylamide5) or exhibit a decrease in stiffness (e.g., natural
rubber6) at intermediate strains. However, physically associating polymer networks are one class of
synthetic networks that often undergo strain-stiffening at relatively low values of strain without prior
softening behavior.7-9

Additionally, physically associating polymer networks are found to display

exponential strain-stiffening behavior that is strikingly similar to the stiffening behavior of biopolymer
materials. The strain hardening behavior of a variety of biopolymer networks from the data collected by
Storm and co-workers1 is illustrated in Figure 1. A striking feature of these data are that they can all be
represented by the following simple form, represented by the solid lines in Figure 1:

(

τ = Goγ exp ( γ / γ *)

2

)

(1)

In this work, we show that Eq. (1) emerges from a strain energy function that can also be used to describe
a series of physically associating, synthetic polymer gels. In addition, we show that the parameters G0
and γ can be directly related to molecular features of these synthetic analogs.
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Figure 1. Data taken from Storm et al.1 Strain-stiffening of common biopolymer networks. G′ measured
at 10 rad/s for actin, fibrin, collagen, and vimentin. G is obtained from steady shear experiments for the
neurofilaments. Solid lines represent Eq. (1) of the exponential strain energy function for each network,
using values for Go and γ* values shown in Table 3.

In general, physically associating networks are self-assembled polymer networks composed of
macromolecules in solution interconnected by physical cross-links. The physical cross-links consist of
weak, non-covalent bonds formed by a variety of intermolecular interactions such as coulombic
attractions10, hydrogen bonding11, and enthalpic associations.12 Some physically associating systems have
cross-link bonding energies on the order of the thermal energy, kbT, such that bond formation is
completely reversible. In these cases the bonds have lifetimes that can be strongly dependent on the the
temperature.13,

14

In appropriately designed materials, including the triblock copolymer solutions

investigated herein, the physical cross-links are created and annihilated rapidly at elevated temperatures,
resulting in the formation of a viscous liquid. The bond lifetimes increase dramatically as temperature is
reduced, such that at low temperatures these solutions behave as elastic materials. A variety of aqueousbased systems also exist where this behavior is reversed, with the more elastic state existing at higher
temperatures.15-17
applications18,

19

Thermoreversible systems are important in a variety of material processing

, are useful as stimuli-responsive materials20,

21

, and have numerous biomedical

applications.22-25
The primary physically associating network investigated here is a model network composed of
symmetric triblock copolymer molecules dissolved in 2-ethyl-1-hexanol.

The triblock copolymer

molecules are linear polymer chains containing two poly(methyl methacrylate) (PMMA) endblocks
separated by a poly(n-butyl acrylate) (PnBA) midblock (see Figure 2). These molecules are synthesized
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by anionic polymerization, allowing precise control over the molecular weight of each block while
maintaining low polydispersity.26 The following is an overview of the self-assembled structure, the
dominant enthalpic interactions, and the linear mechanical properties of the network, as characterized in
previous work (for details, refer to Drzal et al.12 and Seitz et al.27).
Self-assembly of the network is driven by the temperature dependence of the enthalpic interaction
parameter between the solvent and the endblocks.12 For the PMMA/alcohol system, this temperature
dependence is unusually strong within the experimentally accessible temperature window, resulting in the
temperature-dependent network formation shown schematically in Figure 2.

At high temperatures

(>80°C), the triblock copolymer is fully dissolved in the solvent, forming a free-flowing, low-viscosity
liquid.

Below the critical micelle temperature (CMT; i.e., order-disorder transition), the PMMA

endblocks self-assemble into spherical aggregates in order to minimize their interaction with the solvent.
The aggregates act as physical cross-links, interconnected by flexible PnBA midblocks, and this network
structure results in the formation of a viscoelastic liquid. As the system is cooled below the glass
transition temperature (Tg) of the partially solvated PMMA endblocks, the physical structure of the
network remains unchanged.

However, the exchange rate of the endblocks between neighboring

aggregates diminishes, and a strong, elastic-like network is formed with a well-defined molecular
structure.27 These networks are actually viscoelastic materials with a relaxation time that is highly
temperature dependent. We define the transition temperature (Ttrans) between liquid-like and solid-like
mechanical behavior as the temperature at which the relaxation time is 0.1 s as measured by oscillatory
shear rheometry.27 This transition temperature is dependent on the structure and concentration of the
triblock copolymer in the network and ranges from 30-60°C for the materials investigated herein (see
Table 1).
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Figure 2. Schematic representation of thermoreversible behavior with increasing temperature of a model,
physically associating network of symmetric triblock copolymer
copolymers in a midblock-selective
selective solvent.

In this study, the strain-stiffening
stiffening response of the netwo
network is primarily characterized at T << Ttrans
where the relaxation times are very long (>105 s).27 In this elastic regime, the linear elastic properties of
the network are described by the modulus, which is determined by the concentration of elastically active,
PnBA midblock ‘bridges’ that span ddifferent PMMA endblock aggregates. The fraction of bridging
chains in a network (as well as the number of chains) increases with polymer concentration,
concentration leading to
stiffer networks at higher concentrations
concentrations.27,

28

For the networks investigated here,, polymer volume

fractions were limited to ≤ 0.07 dictated by the torque limit of the rheometer employed to measure the
properties of these networks.

The chosen concentrations were slightly greater than the critical

concentrations corresponding to the percolation threshold at which the bridging midblocks
midblock form a fully
elastic network.29
The goal of the present work is to characterize the non
non-linear stress response of these model elastic
network. Experiments demonstrate a clear correlation between midblock length and strain-stiffening.
strain
To
demonstrate the generality of the observed non
non-linear
linear response to hydrogels that are of more obvious
biological relevance, we also describe the stiffening behavior of a physically associating (but nonnon
thermally reversible) water-based
based network. Stiffening is quantified using an exponential strain energy
function with a single fitting parameter related to the midblock length. This constitutive model gives rise
to the same functional form of the strain hardening behavior that is oobserved
bserved for the biological networks
(Figure 1). This similarity indicates that our synthetic polymer networks are useful model systems for
studying the mechanical response of a range of biological materials.
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Experimental Methods
Materials
Poly(methyl methacrylate)-poly(n-butyl acrylate)-poly(methyl methacrylate) triblock copolymers of
various molecular weights and block fractions were provided by Kuraray, Co. (Japan) and were used as
received. To form the physically associating networks, triblock copolymer was dissolved in 2-ethyl-1hexanol (Sigma Aldrich Co.; used as received) at temperatures above 90°C in a magnetically stirred,
sealed vial. Hydrogels were formed from poly(methyl methacrylate)-poly(methacrylic acid)-poly(methyl
methacrylate) copolymers according to procedures described below.

The characteristics of these

polymers and the overall polymer volume fractions in the networks (Φp) are listed in Table 1.Table 1.
Compositions of physically associating networks.

Triblock
Copolymera
A9B53A9
A23B31A23
A25B116A25
A22C45A22
A34C114A34

A – PMMA
MW (g/mol)
8 900
23 000
25 000
22 000
34 000

B – PnBA
MW (g/mol)
53 000
31 000
116 000
-

C – PMAA
MW (g/mol)
45 000
114 000

p

Ttrans (C)

0.050
0.070
0.035
0.10
0.10

34
58
56
-

a

Subscripts denote block molecular weight in kg/mol for A = poly(methyl methacrylate), B = poly(n-butyl
acrylate), and C = poly(methacrylic acid).

Methods
A stress-controlled Anton-Paar Physica MCR 300 rheometer (Ashland, VA, USA) with Peltier
temperature control was employed for all shear deformation experiments. For thermoreversible networks,
samples were contained in a Couette fixture (single-gap, 1.1 mm) with a fixture cover to prevent solvent
loss. Samples were loaded in a fluid state, allowed to equilibrate for 5 min, and subsequently cooled and
equilibrated at the temperature of interest.

The thermoreversibility of the network and the fast

equilibration time allowed for multiple shear deformation experiments to be performed sequentially on a
single sample. After each experiment, the sample was heated to T >> Ttrans and allowed to rest in a lowviscosity fluid state for at least 5 min. After cooling and equilibrating at the temperature of interest, a
new experiment was performed. Experimental results were found to be entirely reproducible and in
agreement for one sample deformed multiple times and for different samples with the same compositions.
Unless otherwise noted, the networks were investigated at least 25°C below Ttrans, such that the
characteristic relaxation time of the network was greater than 105 s and the network behaved as an elastic
material.27
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Hydrogel formation and testing
As a proof-of-concept experiment, elastic triblock copolymer hydrogels were created by solvent
exchange and deformed by shear rheometry. The solvent exchange process and resulting structure of the
network are described in detail elsewhere.30

Poly(methyl methacrylate)-poly(methacrylic acid)-

poly(methyl methacrylate) triblock copolymer was synthesized and dissolved in dimethyl sulfoxide
(DMSO) at a polymer volume fraction of 0.10. Two triblock copolymers were investigated: a shortmidblock polymer (A22C45A22 from Table 1) and a long-midblock polymer (A34C114A34 from Table 1). As
the DMSO solvent is replaced with water, the polymers self-assemble into an elastic network structure,
with hydrophobic PMMA endblock aggregates interconnected by hydrophilic PMAA midblocks. Solvent
exchange with water was performed while the DMSO-polymer solution was contained in a parallel-plate
rheometer fixture (1.0 mm gap, 12.5 mm radius; Anton-Paar Physica MCR 300 rheometer) in order to
ensure strong adhesion between sample and fixture. Experiments were performed at room temperature.
The samples were allotted 2 hrs to equilibrate with water surrounding the fixture, sufficient time for the
outer portions of the samples to form elastic hydrogels (G′ >> G′′) at room temperature. The time for full
completion of the solvent-exchange process is on the order of 140 hrs (assuming a collective diffusion
coefficient of Dc ≈ 8 × 10-7 cm2s-1 and diffusion distance equal to the fixture radius of 12.5 mm).30 For the
solvent-exchange times used in our experiments, only the outer portion of the sample had gelled, and thus
we were unable to quantitatively determine the elastic modulus of these samples. The strain-stiffening
behavior of the hydrogels can still be quantified by this approach, however.
Strain-Stiffening Model
In order to quantify the underlying physics of the strain-stiffening behavior and make connections with
the structure of the physically associating networks, deformation-dependent strain energy functions can
be used to predict non-linear elasticity. In this study, the following expression is used to describe the
strain energy density, U:

U=

G0 * 
J  
J exp  1*  − 1 ;
2
J  


J1 = λ12 + λ22 + λ32 − 3 ,

(2)

where G0 is the small-strain shear modulus, and λ1, λ2, and λ3 are the principal extension ratios. The
quantity J1 is closely related to the first strain invariant, I1, commonly used in descriptions of large-strain
elasticity (J1 = I1 – 3). The only fitting parameter here is J*, which can be viewed as the characteristic
value of J1 above which strain-stiffening effects dominate the network behavior. At small strains, the
model reduces to the Neo-Hookean model. This function was used previously to describe the large strain
behavior of elastic, self-assembled triblock copolymer gels deformed in uniaxial compression
experiments.9 Additionally, an equivalent strain energy function has been applied to biological systems
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by Fung and co-workers31 and were employed recently to describe the elasticity of stiff polymer
networks.32
Assuming an incompressible material (λ12λ22λ32 = 1) undergoing shear deformation in the 1-2 plane
(λ3 = 1, λ1 = λ2-1), Eq. (2) can be modified to obtain a strain energy function in terms of shear strain, γ:

U shear =

Go * 
J  
J exp  1*  − 1 ;
2
J  


J1 = ( λ1 − λ2 ) = γ 2
2

(3)

By differentiating Ushear with respect to γ we obtain the following expression for shear stress, τ:

γ2 
,
* 
J 

τ = Goγ exp 

which is equivalent to Eq. (1) with γ * =

(4)

J * . This response function accounts for both the linear (Go)

and non-linear (J*) contributions to the overall stress response of the deformed material.

Results
The basic mechanical response of the physically associating networks in the elastic regime (T < Ttrans)
is shown in Figure 3 for the A9B53A9 network. The dynamic oscillatory response (Figure 3a) displays
clear strain-stiffening for γ ≥ 0.3. Strain-stiffening is also observed in the steady shear response of the
network for three relatively fast shear rates such that the Weissenberg numbers (Wi, defined here as the
product of the relaxation time and the steady shear rate or radial frequency) are much greater than unity
(Figure 3b). In this plot, stiffening of the network causes the stress to grow more than linearly with
deformation, resulting in an upturn of the stress-strain curve at intermediate strains. As expected for
elastic materials, the stress response to steady shearing is independent of the deformation rate at low and
intermediate values of strain. At shear strains of ~ 3, a stress maximum is observed. This extreme
nonlinearity is believed to be the result of a fracture-like instability in the system, reminiscent of fluid
fracture33, and will be the focus of a future publication.
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Figure 3. Linear and non-linear deformation of a 5 v% A9B53A9 physically associating network by shear
rheometry at 10°C (elastic regime, T << Ttrans). (a) Storage (G′) and loss (G′′) moduli at ω = 10 s-1 for a
range of strain amplitudes. (b) Stress as a function of strain for steady shear deformation at rates of 0.060.10 s-1 (Wi >> 1). Solid lines are Eq. (4) from the exponential strain energy function for Go = 400 Pa and
J* = 14.

To investigate the relationship between network structure and strain-stiffening, three physically
associating networks composed of triblock copolymers with different midblock lengths (refer to Table 1)
were deformed in steady shear at Wi >> 1 with the results displayed in Figure 4. The stress response at
small strains is described by the small-strain shear modulus of the networks, Go, which is a function of
polymer concentration and structure.27 At intermediate strains, strain-stiffening is observed for all three
networks as shown in Figure 4. From this comparison, we see that as the length of the midblock
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increases, the critical shear strain at which stiffening dominates is suppressed toward larger strains, an
effect clearly demonstrated by a comparison of networks with similar behavior in the linear regime
(A9B53A9 and A25B116A25). The stress-strain relationship (Eq. (4)) emerging from the exponential strain
energy function as applied to the three networks (solid lines in Figure 4) gives a J* value of 3.5 for
A23B31A23 and 17 for A25B116A25. These values are equivalent to J* values determined previously for
uniaxial compression experiments of higher concentration A23B31A23 and A25B116A25 networks (note:
A9B53A9 was not tested in compression).9 As indicated by Figure 4, values of J* increase with midblock
length.

Figure 4. Strain-stiffening behavior for three physically associating networks (A23B31A23, Go = 1200 Pa;
A9B53A9, Go = 400 Pa; A25B116A25, Go = 350 Pa) during steady shear deformation at rates of 0.02, 0.1, and
0.1 s-1 (Wi >> 1). Solid lines correspond to Eq. (4), using the indicated values of J*. Data beyond the stress
maximum are omitted for clarity.

Because our strain-stiffening model is an elastic model based on a strain energy function, it is expected
to be valid only for large values of Wi, where the relaxation time of the network is long in comparison to
the timescale of the experiment. In order to probe the limits of this approach for increasingly viscoelastic
systems, a series of experiments were performed at different values of Wi.

Our thermoreversible

networks are exceptionally well suited for these investigations because Wi can be adjusted over a very
broad range simply by adjusting the temperature (5°-35°C here, corresponding to a relaxation timescale of
106-10-2 s). In these networks the relaxation times increase by approximately an order of magnitude for
each 5°C decrease in temperature.27 Results for different values of Wi from oscillatory shear experiments
are shown in Figure 5. Figure 5a shows that the small-strain modulus (Go) decreases substantially as Wi
decreases, but that the onset of nonlinearity for the larger values of Wi occurs at a similar value of strain.
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This point is emphasized in Figure 5b, which shows the relative increase in the modulus as a function of
strain amplitude for each of the values of Wi ≥ 10 from Figure 5a. A universal behavior consistent with
Eq. (4) is observed for values of Wi ≥ 105 (corresponding to T ≤ 15°C), but a more complicated behavior
is observed for the lower values of Wi. These lower values, indicative of more liquid-like behavior,
require a more complicated analysis than is possible by a simple elastic model based on the strain energy.
The fundamental results in this paper are most applicable to values of Wi that are substantially greater
than unity.

Figure 5. The storage modulus (a) and normalized modulus (b) for a 5 v% A9B53A9 physically associating
network undergoing oscillatory shear at ω = 10 rad/s over a range of Wi. The solid line in (b) corresponds
to Eq. (4) with J* = 14.

Acrylic triblock copolymer hydrogels were created via solvent exchange to illustrate the existence of
strain-stiffening behavior in model physically associating networks in a more biologically relevant
solvent. As seen in Figure 6, the hydrogels strain-stiffen when deformed in shear. In the stiffening
regime, the stress increases in an exponential fashion as described by Eq. (4), similar to the alcohol-based
networks. Consistent with previous results, the onset of significant strain-stiffening occurs at a larger
value of strain for the hydrogel containing the long-midblock triblock copolymer (A34C114A34) compared
to the hydrogel containing the short-midblock triblock copolymer (A22C45A22).
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Figure 6. Normalized shear modulus for hydrogel samples during oscillatory shear at ω = 10 s-1 as a
function of the strain amplitude. Solid lines correspond to Eq. (4), with Go = 13.1 kPa and J* = 7 for
A22C45A22 and Go = 2.2 kPa and J* = 35 for A34C114A34.

Discussion
The underlying structure of physically associating triblock copolymer networks – rubbery midblocks
spanning endblock aggregates – ultimately controls the mechanical response of the network to an applied
stress. In general, when a transient polymer network is deformed, stress relaxation occurs by physical
cross-link yielding and subsequent viscoplastic chain pull-out of the endblocks from their respective
aggregates.34 At the temperatures investigated here (T < Ttrans), the endblock segments are “frozen” or
kinetically trapped in the glassy aggregates,28 preventing chain pull-out at small-to-intermediate values of
stress and forming a strain-stiffening, elastic network with extremely long relaxation times.
Elastic networks, even those with permanent network junctions and entanglements (e.g., natural
rubber6), often exhibit strain softening behavior. This behavior is attributed to the redistribution of
internal stress due to progressive slip of entanglement points.35 Strain-softening was not observed for the
physically associating networks investigated here, most likely because the molecular weights of the
midblock strands were below the predicted entanglement threshold for these solvent-swollen materials.27,
36, 37

In fact, these triblock copolymer networks were recently cited as excellent systems for strain-

stiffening investigations due to their lack of entanglements.38
The strain-stiffening response of physically associating networks can be attributed to non-linear
stretching and finite extensibility of the network strands connecting neighboring network junctions.7, 9, 38,
39

In more viscous physically associating solutions, alternative explanations for strain-stiffening and the
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related phenomenon of shear thickening have been presented,8 such as deformation-induced increases in
the number of elastically active strands or network components.40, 41 Based on the characterized structure
of our triblock copolymer networks27 and the stress responses observed here, we believe our physically
associating networks evolve in the following manner during deformation: as the external shear stress is
applied to the network, the distance between the endblock aggregates increases with deformation and the
rubbery midblock strands are stretched, adopting non-Gaussian conformations and causing a stiffening of
the network. As the midblock is stretched to its maximum extensibility, the stiffening response becomes
dominant, causing the stress to rapidly increase. Therefore, the critical value of strain at which stressdivergence occurs is expected to be controlled by the finite extensibility of the midblock.
This critical value of strain at which stiffening becomes dominant can be predicted from the following
estimation for the maximum uniaxial extension ratio, λmax, of a linear polymer chain:

λmax =

l max
lo

θ 
nl sin  
2
=
lo

(5)

where l max is the contour length of a fully extended polymer chain and l o is the length of the
unstretched polymer chain. The extended length can be estimated by assuming a trans-conformation of a
polymer chain composed of n number of bonds of length l in the chain and an angle of θ between
neighboring bonds.42 For hydrocarbon polymer chains, a carbon-carbon single bond is approximately
0.154 nm in length with θ ~ 112°.

For the physically associating triblock copolymer networks

investigated previously by Seitz et al.9, l o was determined from small-angle x-ray scattering results for
undeformed triblock copolymer networks.27 Scattering intensity patterns were fit with a Percus-Yevick
hard-sphere model43 in which the scattering core radius ro (~ radius of an endblock aggregate) was
obtained and the average center-to-center distance between aggregates, D, was calculated in order to
estimate the unstretched midblock length, l o = D − 2ro .
For the physically associating triblock copolymer networks investigated here, Eq. (5) was used to
predict of the maximum extensibility ratio, λmax, of the midblock in each network (see Table 2). To
calculate l o , values of D were extrapolated from previous x-ray scattering results of 10-30 v% triblock
copolymer networks27 and ro was assumed to be 5 nm, a reasonable approximation indicated by past
work. The maximum extensibility ratio was converted to a maximum shear strain, γmax, by the following
equation:
−1
γ max = λmax − λmax

(6)
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As seen in Table 2, the predicted value of γmax for the alcohol-based ABA networks is similar to the
observed critical strain γ∗, which was calculated for each network from the fitting parameter, J*, of the
exponential strain energy function fits shown in Figure 4. Discrepancies between the values are most
likely due to the approximation of l o . Additionally, our method of approximating λmax assumes that all
midblock strands will be fully extended before breakdown of the network. In reality, the physical crosslinks of the network will not be able to withstand the necessary stress for molecular reorganization into a
fully extended trans-conformation.
Table 2. Predicted maximum strain and observed critical strain for physically associating networks of ABA
and ACA triblock copolymers.

Polymer

Φp

J*

D (nm)

A25B116A25
A9B53A9
A23B31A23
A22C45A22
A34C114A34

0.035
0.05
0.07
0.10
0.10

17
14
3.5
7
35

50
38
34
-

l o (nm)
40
28
24
-

l max (nm)
231
106
61
134
339

λmax

γmax

γ∗

5.8
3.8
2.5

5.6
3.5
2.1

4.1
3.7
1.9
2.6
5.9

The similarity between γmax and γ∗ is consistent with our hypothesis that the value of the critical strain,

γ∗, at which stress-divergence occurs due to strain-stiffening is controlled by the finite extensibility – and
ultimately the overall length – of the midblock.

The hydrogel samples also displayed mechanical

behavior consistent with these results (see Figure 6), although we do not have comparable scattering data
for these polymers from which l o can be determined.

However, relative magnitudes of J* were

consistent with the relative midblock length, with the network having the larger value of l max also having
the larger value for γ∗.
Thus far we have shown that by varying the length of network strands (i.e., midblock length), the onset
of non-linear strain-stiffening is tunable. Connections can be made to fibrous biopolymer networks of
actin cross-linked with various actin-binding proteins (ABPs). The strain-stiffening behavior of these
actin-based networks is dominated by the properties of the cross-linking molecules rather than by the
actin filaments.44 Wagner and co-workers45 demonstrated that small changes in the structure of the crosslinking molecule greatly affect the non-linear mechanical response of actin networks. Specifically, the
onset of strain-stiffening increases to larger values of strain as the length of the cross-linker increases.
Figure 7 shows the shear deformation behavior of actin networks cross-linked by ABPs of different
lengths. As seen in the figure, strain-stiffening of the network cross-linked by the shorter molecule
becomes dominant at a smaller value of strain than the strain-stiffening of the network cross-linked by the
longer molecule.
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Figure 7. Strain-stiffening behavior during steady shear deformation ( γ = 0.125 s-1) of two fibrous actin
networks cross-linked by actin-binding proteins of different lengths. (Data taken from Wagner et al.45)
Solid lines represent Eq. (4) for the short cross-linker data (HisAc-D2-6, 125 kDa; Go = 0.7 Pa and J* =
0.15) and long cross-linker data (ddFLN, 250 kDa; Go = 0.5 Pa and J* = 1.1).

The exponential strain energy function used to capture the strain-stiffening behavior of our synthetic
networks also captures the stress response of the cross-linked actin networks and is represented by the
solid lines in Figure 7. Stiffening becomes significant at a larger value of strain for the network
containing the longer cross-linking molecule, consistent with the notion that the strain-stiffening behavior
of both the cross-linked actin networks and the synthetic physically associating networks is controlled by
the length and subsequent stretching of a compliant network strand.45 Interestingly, as described in the
Introduction, the exponential constitutive model also describes the strain-stiffening behavior of semiflexible fibrous networks of other biopolymers such as collagen, fibrin, and vimentin, even though many
of these networks stiffen at much lower strains than our synthetic networks.1 As reported in Table 3 and
illustrated in Figure 1 with data taken from Storm et al.1, a number of different biopolymer networks
exhibit behavior that is accurately described by the exponential strain hardening model. This similarity of
behavior does not confirm a common physical structure or stiffening mechanism between biopolymer
networks and our synthetic physically associating networks. In fact, the underlying network structure
(e.g., levels of entanglement, strand flexibility) is expected to be quite different. For example, the mixture
of entropic and enthalpic (i.e., bending) elasticity that is believed to drive the strain-stiffening response of
semi-flexible biopolymer networks is in contrast to the purely entropic elasticity which is dominant in
many physically associating networks.1,

3, 46, 47

However, the similar phenomenology of the strain-

stiffening behavior indicates that our synthetic physically associating networks can be excellent model
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systems for biological materials in the non-linear regime since (1) the non-linear responses of both the
biopolymer and the physically associating networks can be quantified by an exponential strain energy
function with J* values related to the structure of the networks and (2) the structure of the physically
associating networks can be manipulated during synthesis to yield the non-linear response that is
representative of some actual biopolymer networks.
Table 3. Estimated exponential strain energy function parameters and resulting critical strains for some
common biomaterials.

Material
Collagena
Actina
Vimentina
Actin, short cross-linkb
Fibrina
Actin, long cross-linkb
A23B31A23; Φp = 0.07
Neurofilamentsa
A9B53A9; Φp = 0.05
A25B116A25; Φp = 0.035
a
b

Go
J*
γ∗
(Pa)
13 0.010 0.10
90 0.015 0.12
3.7
0.13 0.36
0.7
0.15 0.39
18
0.15 0.39
0.5
1.1
1.0
1200 3.5
1.9
2.3
9
3
400
14
3.7
350
17
4.1

Storm et al.1
Wagner et al.45

Conclusions
The strain-stiffening behavior of model elastic networks of physically associating polymers has been
characterized by shear rheometry. Our results demonstrate a clear correlation between network structure
– specifically, variation in midblock length – and strain-stiffening behavior. The observed stiffening
response is accurately captured by an exponential strain energy function with a single fitting parameter in
addition to the small-strain modulus. For our model networks based on triblock copolymer solutions, this
parameter depends primarily on the molecular weight of the midblock. This same constitutive model can
be used to describe a variety of biopolymer networks, even though the mechanisms of elasticity may be
fundamentally different. The similarity in the phenomenological behavior of these different types of gels
has two important implications. First, our stiffening model provides a way of characterizing the nonlinear mechanical response using a single parameter that we have tabulated for a variety of disparate
biopolymer networks. The second implication of the similarity between the biological and synthetic
networks is that the synthetic networks could be used to create biomaterials with the desired stiffening
properties, or as model synthetic systems with tunable behavior for use in future studies of non-linear
elasticity and fracture in biological materials.
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